HOMEWORK ASSIGNMENT #1, Math 253

. Sketch the curve r =14 cos 6,0 < 6 < 27, and find the area it encloses.

. Find the dot product a - b in the following cases:
(a) d=<1,0,-2 >,g:< 2,0,1 > . Are these vectors orthogonal?

—

(b) @ =< ay3 — T3ya, T3y1 — T1Y3, T1Y2 — Tay1 >, b =< x1, T2, 3 >, where the z;, y; are
any real numbers. Are these vectors orthogonal?

(c) @ is a unit vector having the same direction as ﬂ—j and b is a vector of magnitude
2 in the direction of 7 4+ j — k.

. Use cross products to find the following areas:
(a) the area of the triangle through the points P = (1,1,0),Q = (1,0,1), R = (0,1, 1).
(b) the area of the parallelogram spanned by the vectors @ =< 1,2,0 >, ¢ =< a,b,c > .

(c) the areas of all 4 faces of the tetrahedron whose vertices are (0,0, 0), (a,0,0), (0,b,0)
and (0,0, c¢), where a, b, ¢ are positive numbers.
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. Suppose @ is a vector in 3-space. Show that <W + (ﬁ) + (_) —1.
a a
Remark: The direction cosines of the vector @ are by definition
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cosa = ——,cosf = —=
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The angles «, 3,y are the angles @ makes with the positive directions of the z,y, z axes
respectively.

. (a) Find all vectors of length 2 that make equal angles with the positive directions of
the 3 co-ordinate axes.

(b) Find all unit vectors ¥ = Vi + V9] + vk making respective angles of 7/3, w/4 with
the positive directions of the x,y axes.

(c) Find the angles of the triangle whose vertices are (1,0, 0), (0,2,0), (0,0, 3).

(d) Find the angle(s) between a diagonal of a cube and one of its edges.

. A straight river 400m wide flows due west at a constant speed of 3km/hr. If you can
row your boat at 5km/hr in still water, what direction should you row in if you wish
to go from a point A on the south shore to the point B directly opposite on the north
shore? How long will the trip take?



7. Find equations of the planes satisfying the following conditions:
(a) Passing through the point (0,2, —3) and normal to the vector 47 — j — 2k.
(b) Passing through the point (1,2, 3) and parallel to the plane 3x +y — 2z = 15.

(c) Passing through the 3 points (), 0,0), (0, u,0), (0,0, v), where A, u, v are non-zero
real numbers.

(d) Passing through the point (—2,0, —1) and containing the line which is the inter-
section of the 2 planes 2x + 3y — 2 = 0 and x — 4y + 22 = —5.

8. Let v; = (0,—1,0),v9 = (0,1,0),v3,v4 be the 4 vertices of a regular tetrahedron.
Suppose v3 = (x,0,0) for some positive x and vy has a positive z component. Find v
and vy.



SOLUTIONS TO HOMEWORK ASSIGNMENT #1

1. Sketch the curve r =1+ cosf,0 < 0 < 27, and find the area it encloses.

Figure 1: The curve r =1+ cosf, 0 <6 <27

The area is given by

1 2 2

1
A = - (1+cos€)2d9:—/ (1+2cosf + cos®0)
2 Jo=o 2 Jo=0

1 3
= 5(27?—1-0%—7?):%

2. Find the dot product a - b in the following cases:
(a) @ =<1,0,-2 >,g:< 2,0,1 > . Are these vectors orthogonal?

—

(b) @ =< Tays — T3y, T3Y1 — T1Y3, T1Y2 — Tay1 >, b =< x1, 79, 23 >, where the x;,y; are
any real numbers. Are these vectors orthogonal?

(c) @ is a unit vector having the same direction as ﬂ—j and b is a vector of magnitude
2 in the direction of i + j — k.
Solution:
(a) @-b=2—2=0. These vectors are orthogonal.
(b) a- b= (xoys — x3y2)x1 + (23y1 — T1Y3) T2 + (212 — T2y1)x3 = 0. These vectors are
orthogonal.
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(c)&zﬁ('%—j) and b =
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3. Use cross products to find the following areas:
(a) the area of the triangle through the points P = (1,1,0),Q = (1,0,1), R = (0,1, 1).
(b) the area of the parallelogram spanned by the vectors @ =< 1,2,0 >, ¥ =< a,b,c > .

(c) the areas of all 4 faces of the tetrahedron whose vertices are (0,0, 0), (a,0,0), (0,b,0)
and (0,0, ¢), where a, b, ¢ are positive numbers.

Solution:
(a) Letd=Q—P=—j+kb=R

1, = 1 -
S |ax B = ST +R) x (~i+ k)| =

P = —i + k. Then the area of the triangle is

|—k—17 *'_ig

(b) @ x T = (i +2j) x (ai + bj + ck) = 2ci — ¢j + (b — 2a)k. Thus the area is

N | — |
Eaul]

\/502 b—2a2—\/4a2 4ab + b% + 5c2.

(c) The areas of the faces in the co-ordinate planes (i.e. the z,y plane, the y, z plane

b bc
and the z, z plane) are a2 55 respectlvely To find the area of the sloping face we
compute the cross product of the vectors @ = —ai + ck, U= —ai+bj:

i x T = (—ai + ck) x (—ai + bj) = —bci — caj — abk.

1
Thus the area of the sloping face is 5\/(bc)2 + (ca)? + (ab)?.

— . 3 — . . — k
4. Suppose @ is a vector in 3-space. Show that <% + (g) + (a_) =1.
a

i @ a k
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——,C08 3 = —=,cosy =
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The angles «, 3,y are the angles @ makes with the positive directions of the z, y, z axes
respectively.

Solution:

Suppose @ =< ay, as, as > . Then

N -\ 2
a7\ a-j ? a-k a\’ as \ as\°  a?+ai+al
— | = tl—= =(=) t{=] t|=] =57 —==1
[ |d] [ [ [ [ at + a3 + a3

5. (a) Find all vectors of length 2 that make equal angles with the positive directions of
the x,y, z axes respectively.



(b) Find all unit vectors & = v + vy + vsk making respective angles of 7/3, 7/4 with
the positive directions of the x,y axes.

(c) Find the angles of the triangle whose vertices are (1,0, 0), (0,2,0), (0,0, 3).

(d) Find the angle(s) between a diagonal of a cube and one of its edges.
Solution:

(a) If ¥ = 017 + V] + vsk has length 2 and makes equal angles with respect to the
positive directions of the 3 co-ordinate axes then

2 2 - L -
v +vs+v5 = 4and v; = vy = v3 = \. Therefore ¥ = = < 1,1,1 >= £-—=(i+j +k).

V3 V3

(b) If & = w1 + 5] + vsk is a unit vector making angles 7/3, /4 with the positive
directions of the x, y axes respectively then

v? + 02 +02 =1, v, = cos(n/3) = 1/2 and vy, = cos(n/4) = 1/V/2.
Therefore v2 = 1 —1/4 —1/2 = 1/4, that is v3 = 1/2. Hence v = (1/2,1/v/2,4£1/2).

(c) Let P =(1,0,0),Q = (0,2,0), R = (0,0, 3) and let v, 3,y be the 3 angles at P, Q, R
respectively. Then

cosa—@'P—R)_ 1 cosﬁ—cﬁ)'@— 4 _ﬁ-}@_ 9
T PQIPE VB0 T [QPIQR| Ve T |RP|RG| V130

Therefore a &~ 1.428899272, f ~ 1.051650212, v ~ 0.6610431690, all angles measured
in radians. Note that a + (6 + v = 7.

(d) One of the diagonals of a (unit) cube is 0 = ;+f+ k. The common angle 6 between
v and any of 7, 7, k satisfies cos = — = —. Therefore 0 ~ 0.9553166180. The other
y J \/g \/g

possibility is the complementary angle, namely m — 6 ~ 2.186276036.

. A straight river 400m wide flows due west at a constant speed of 3km/hr. If you can
row your boat at 5km/hr in still water, what direction should you row in if you wish
to go from a point A on the south shore to the point B directly opposite on the north
shore? How long will the trip take?

Solution: We can take the velocity vector of the river to be v = —3i and the “rowing”
vector to be @ = 5(cosf 7 +sin 6 7), where 6 is the angle of inclination with respect to
the east. We want ¥+ @ = (—3 4 5cos6)i + (5sinf); to be a positive multiple of 7.
Therefore cos = 3/5 and sinf = 4/5. That is § = arccos(3/5) ~ 0.9272952180. With
this choice of @ our net velocity is 4;. Therefore it will take 1—10h7“ = 6 minutes to get to

the opposite shore.



7. Find equations of the planes satisfying the following conditions:

(a) Passing through the point (0,2, —3) and normal to the vector 47 — j — 2k.
(b) Passing through the point (1,2, 3) and parallel to the plane 3z +y — 2z = 15.

(c) Passing through the 3 points (A, 0,0), (0, u,0), (0,0, v), where A, u, v are non-zero
real numbers.

(d) Passing through the point (—2,0, —1) and containing the line which is the inter-
section of the 2 planes 2x + 3y — 2 = 0 and x — 4y + 22 = —5.

Solution:
(a) The equation is 4(z — 0) — (y —2) — 2(2 +3) =0, that is 4o —y — 2z = 4.
(b) The equation is 3(x — 1) + (y — 2) — 2(2 — 3) = 0, that is 3z + y — 2z = —1.
(¢) The equation is TiiyEo
A uov
(d) The equation will have the form p(2z 4+ 3y — 2) + v(x — 4y + 22+ 5) = 0 for an
appropriate choice of u,v. Putting x = —2,y = 0,2z = —1 into this equation gives

—3u + v = 0. Choosing = 1,v = 3 gives 5z — 9y + bz = —15.

8. Let v; = (0,—1,0),v5 = (0,1,0),v3,v4 be the 4 vertices of a regular tetrahedron.
Suppose vz = (z,0,0) for some positive x and v, has a positive z component. Find v
and vy.

Solution: vy, v9, v3 must form an equilateral triangle in the x, y plane with each side hav-

1
ing length 2. Therefore v3 = (1/3,0,0). The vertex v, must lie over 3 (v1 +v2 +v3) =

1 1
—,0,0 | . Therefore vy, = | —=,0, 2z |, where z is that positive number chosen such
1

1 2
that the distance from (0,1,0) to | —=, 0, z | is 2. Solving we get v4 = [ —, 0, 2\/j )
(0,1,0) < 7 ) g we get vy ( 7 3)



