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Classical Background Some answers

The domino problem was introduced by Wang |3 We define the domino problem for tilings over self-similar structures of Z* given by
in 1961. It consists of deciding if copies of a finite forbidden patterns. In this setting we exhibit non-trivial families of subsets with decidable

set of Wang’s tiles (square tiles of equal size, not and undecidable domino problem.
subject to rotation and with colored edges) can tile

the plane subject to the condition that two adjacent
tiles possess the same color in the edge they share.

The domino problem is decidable for bounded

connectivity substitutions.
» This includes the Sierpinski triangle.

Some self-similar substitutions

Example: Can these Wang tiles Ingredients Sierpinski triangle substitution

cover the plane? - 5: a Z*-substitution over the alphabet { ,m}. Ruless —— and = o
- A a finite alphabet.
- F a finite set of forbidden patterns over A.

- - - - - Recipe
- m m u B We consider X the subshift generated by the

The domino problem is undecidable for weak and
strong grid substitutions.

» This includes the Sierpinski carpet.

Note: The proof is much harder for weak grids.

substitution s: The set of configurations x € Sierpinski carpet substitution
2 . . HEN
{ ,m}% such that all patterns in z appear in some Rules: —— and w— B8
iteration of s. ammmmEEEE 7 . .
Let A be a finite alphabet and F a set of patterns We define X (F) as the set of colorings by A of ;:;:::;:;;:;::::::::::::;:; We d(?nt know whether the dommo. pr(.)blelgn .
(functions from a finite part of Z* to A). The sub- the black boxes of configurations in X such that —— - undengble or not for Isthmgs sgbstltutlons.
shift Xr consists of all configurations x : Z* — A no patterns in F appear. These can be identified Bf Ol ;:;:::;:; ;:;:::;:; > L5 includes the H-substitution.
such that no translation of a pattern from F ap- as configurations over (A U {0})22 which project ;E;iiiiiii:ii:ﬁﬁ;i;;i;;i;
pears in them. In this context, the domino problem onto X.,. E;E___E;EE;E____________E;E Further remarks
is defined as tollows: When s sends the white block to an array of white S
DP = {(F) | F is a finite set of patterns, Xz # 0}. blocks, the resulting structure is self-similar (we The H-substitution The decidability of the domino problem is not re-
call it a self-similar substitution). Thus X (F) is Rules: —— and ®—— Eem lated at all with the Hausdorf dimension of the frac-
the set of colorings of a self-similar structure. We B B Eef [ tal associated to the substitution.
Theorem [Berger, 66’ can define its domino problem as follows: i i . o " o mEumnln "

DP i undecidable. DP(s) := {(F) | F is finite : X (F) # {OZQ}}- .%5.5%5:55.55:5 o ;:;H.=§:§§:§=.=§:§§:§=.=§:§ Some of the previous proofs rely on a natural ver-
These notions are easily generalized when Z° is re- Question B i:ii.ii:i ;:ig.gi:i sion of Mozes’s theorem [2] in this setting: Namely,
placed by a finitely generated group. We denote the Can we characterize for which self-similar substi- H M H that the systems generated by substitutions can be
domino problem for a group G as DP(G). tutions DP(s) is decidable ? defined using local rules. This property is satisfied

by all grids and some bounded connectivity substi-
tutions. We don’t know if it’s satisfied by isthmuses.

Four connectivity classes
. DP(Z%) is decidable <= d = 1. M References

- DP(G) is decidable for virtually free groups B. Connectivity Isthmus Weak grid Strong grid
- DP(G) is undecidable if G' has undecidable

word problem.
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